2.1 PEEEEEE}OH ([(3] 5.1) Let o szé be a regular cardinal. A small

category D is called a-filtered if

a) for every family (Dl) of objects in D with card(I) < o

16T

there exists an object DE&D together with a morphism D{~—>D for

every 1€ 1 .

Y
b) for every family '(DJ_—J;§D

)

; of morphisms in D with

1€ 1
card(l}) < a there exists a morphism 7y : Dl---«--—)-D2 such that

Yoy, = Yoy, for every pair 1, =€l .

T £

-

For o =7CO this specializes to the usual definition of filtered co-
limits (resp. direct limits).

A functor TF : A-—5>B is said to preserve a-filtered colimits if
it preserves colimits over o-filtered categories. The least regular

cardinal o with this property is called the presentation rank of F

and denoted by w(F) . Examples are functors F : A-—>B which have
a right adjoint or =~ somewhat surprisingly - functors F : A—3B

between locally prescentable categories (2.3) which have a left adjoint,

in particular underlying or forgetful functors {(cf. 2.9, 3.4 ¢c) ).

o e e e T = e ———] -

Likewise a functor F : A—>B is said to preserve monomorphic a-fil-

tered colimits if it preserves colimits over a-filtered categories
» B,

vhose transition morphisms in A are monomorphic. (This does not mean

that F preserves monomorphisms.) The least regular carinal o with

this property is called the generation rank and denoted with e(F).

2.2 Definition (cf [{3] 6.1) Let o 2 yﬁo be a regular cardinal

and let A be a category with a-filtered colimits. An object A€A

is called a-presentable (resp. o-generated) if the hom-functor

[A,—] i A——>Sets preserves o-filtered colimits (resp. monomorphic

a-filtered tolimits). The least regular cardinal o 2 Xg with this
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property is called the presentation rank (resp. generation rank) and

-

denoted with = (A) (resp. €(A)) . Clearly w(A) > e(A)

It may appear that this definition is stronger than the one given 'in
the introduction. This is however not the case, at least iniprgctise.
First by Swan every)ﬂo—filtered category admits a cofinal{ditgqpég set.
Hence for « =)60 the two notions coincide. Second for o > )Lo

the two definitions are equivalent in a locally a-presentable category.
Moreover they lead to the same notioﬁ of a locally a-presentable cate-
gory in 2.3 below. This can be shown by .going over the proofs of § 7

in Gabriel-Ulmer [!3].

2.3 Definition (cf [iS] 7.1, 9.{) Let o 2760 be a regular cardinal.

A category A is called locally a-presentable if *A has colimits and

a set M of o-presentable generators ( M 1is a set of generators

means: A morphism £ : A—» A' is an isomorphism iff [U,f] is a bi-
jection for every UeM ).

Likewise a category A is called locally a~-generated if A has co-

limits and a set M of a-generated gemerators such that every copro-

duct II U1 with U1€ M and card(I) < a has only a set of proper
1€l
quotients. (Recall that an epimorphism p : X—>Y 1is called proper if

it does not factor through a proper subobject of Y .) The least regular

cardinal ga 2'X% with this property is called the presentation rank
I »,
of A (resp. the generation rank) and denoted with ﬂ(é) (resp. €(A))

’

2.4 A category is called locally presentable (resp. locally generated)

if it is locally o-presentable (resp. locally a-generated) for some a .

2.5 A locally o-presentable category is locally a-generated ([fE] 6.6C))

Surprisingly there is a converse: A locally a-generated ca-

tegory is locally B-presentable for some B 2 a (cf [13] 9.8, 9.10).

2.6 A locally a-presentable category has limits ([ig] 1.12) and 1is

cowellpowered ([l3] 70%; i.e. every object has only a set of quotients).
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Moreover o-filtered colimits commute with ag-limits (cf [L3] 7.123 re-

call that ;im (Bv—E«)é) is called an a-limit if D has less than

¢ morphisms, [13] § 0).

2.7 1In a locally presentable category A with a set M of a-presen-
table generators an object A€ A is B-generated for some B 2> o 1iff

there is a proper epimorphism l lU1-%A with UIE.M and

161
card(I) < B (cf [K}] 9.3). If moreover M 1is a set of regular gene-
rators, then A€A 1is B-presentable iff there is a cokermel diagram

‘ IU.:::::3 | IU.~———~9Y
1

jeg i€t

with Ui’ Uje M and card(J) <8 > card(I) such that A is a re=-
tract of Y (cf [13] 7.6).(Recall that M is called regular if for

every A€A there is a cokernel diagram K:‘.E‘U_U\)HA with UvE,M.)
Y

Moreover there is a regular cardinal &6 such that every §-generated
object in A 1is &-presentable and § <can be chosen so as to exceed

any given cardinal (cf [13] 13.3).

v

2.8 1In a locally o-presentable category A the full subcategory
A(a) of all a-presentable objects is small and closed in A under
a—colimitg. The szme holds for the full subcategory z(u) of all
a-generated ocbjects ([13] 6.2). In particular for every A€&€A the
category A(a)/A of a-presentable objects over™ A is small and
o-filtered, and the colimit of the forgetful functér
A(a)/A— 4 , (U—3A)~U , is A (cf [\3] 2.6, 7.4, 3.1). The same
holds for the category of a-generated subobjects of A (cf [l3] 9.5).
The functor o
A—[4(0)°, sets], A~ [-,4]
induces an equivalence between A and the full subcategory of
[A(a)o, Sets consisting of all functors éka)g—-)ggﬁé_ which take

a~colimits in a-limits ([|3] 7.9, for the corresponding assertion
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Moreover a-filtered colimits commute with o-limits (cf [13] 7.12; re-
call that ;im (2——E—>é) is called an a-limit if D has less than

¢ morphisms, [13] § 0).

2.7 1In a locally presentable category A .with a set M of a-presen-
table generators an object A€ A 1is B-generated for some B > o iff
there is a proper epimorphism 1_LU1——$A with U1€.M‘ and

card(I).< B (cf [K}] 9.3). If ;iieover M 1is a set of regular gene-
rators, then A€A 1is B;presentablé iff there is a cokernel diagram

_LLU : =3 l U, ——3Y
jeg ier *t

with Ui’ Uje M and card(J) <8 > card(I) such that A is a re-
tract of Y (cf [13] 7.6).(Recall that M is called regular if for

every A€A there is a cokernel diagram K::E_LLU\)-—)A with UvE_M.)
v

Moreover there is a regular cardinal 8 such that every S-generated
object in A is §-presentable and & can be chosen so as to exceed

any given cardinal (cf [\3] 13.3).

2.8 1In a locally a-presentable category A the full subcategory
A(a) of all o-presentable objects is small and closed in A under
o-colimits., The szme holds for the full subcategory z(a) of all
o-generated objects ([iS] 6.2). In particular for every A€A the
category A(a)/A of a-presentable objects over™ A is small and
a-filtered, and the colimit of the forgetful functér"

A(e)/A—A , (U—A)~U , is A (cf [V13] 2.6, 7.4, 3.1). The same
holds fof the category of a-generated subobjects of A (cf [13] 9.55.

The functor
A—>[a(0)%, sets], A~ [-,4]
induces an equivalence between A and the full subcategory of

[A(a)o, Setsl consisting of all functors é(a)g—_)Sets which take -

a-colimits in o-limits ([|3] 7.9, for the corresponding assertion



for K(a) see [(3] 9.10).

2,9 By the special adjoint functor theorem every colimit preserving
functor between locally presentable categories has a right adjoiné. By
[iﬁ] 14.6 a limit preserving functor § : A—>B between locally pre-
sentéble categoriesadmits a left adjoint iff § Thas rank (cf. 2.1),

i.e. iff S preserves a-filtered colimits for some cardinal o Z>Cb .

2.10 VLet U be a small ‘category and let % be a class of morphisms

in [gO,Sets] . Recall that a functor ¢t :~E;—+§ (resp. & : Ho

|

X)

m

is called I~cocontinuous (resp. Z-continuois) if for every X X
and every o€ I the map Br,[t-,X]] (resp. EJ,[X,s—]]) is bijec-

tive. If X 1is cocomplete (rasp. complete), then there is a tensor

product bifunctor (resp. symbolic hom)

[U°,sets] x [U,Xx]——3x

8

[-,-] :+ [u°,sets] x [U°,X]—>x

defined by

e

[&, [, x]]
&, [x, s-]]

[R Q@ t’X]

Ek,fk,s]]

e

for all X‘Ez s, Reg I:I_J_o,_f‘ﬂ] , te [-[_I_,§:I and s g [:go,z(_] , ¢cf Gabriel-
Ulmerx D3] 8.1 . Hence t : U—X (resp. s : Egﬁeg') is L-cocontinuous
(resp. Z-continuous) iff o ® ¢t (resp. [6,3]) is* an isomorphism

for every o€ . The full subcategory of [2’5] consisting of all
E—cocgntinuous functors is denoted with Ccz[g,gj . Likewise CZ[HO,ﬁ]
denotes the full subcategory of all I-continuous functors.

Examples for X-continuous (resp. L-cocontinuous) functors are sheaves
(resp. cosheaves) with respect to a Grothendieck topology and functors
which take a given class of colimits into limits (resp. colimits) etc,
see § 6. .

A class I of morphisms in [EO,SEtS] is called closed if
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1) T contains all isomorphisms 2) I is closed unter colimits

3) if p = o1 anditwo of the morphisms p , o , = belong to % ,

then so does the third.
For instance, if T is a class of functors U—>X , then the class

2 of all morphisms ® such that w & t is an isomorphism for every
t€T 1is closed.

The closure T of a class I 1is the smallest closed class containing
Z . Hence a I-cocontinuous functor U-—>X 1is also I-cocontinuous.
Let X Dbe a class of morphisms in [Ho,ggéﬁj » where U is a small

category, such that the codomains ro , o0& , form a set (modulo

*)

equivalence). Then by [123] 8.11 the inclusion C Uo,Sets S(eE ‘Uo,Sets—i
N = oy — A

has a left adjoint and a morphism 1 in [HO,Sets] belongs to I

. . . . . o :
1ff [T,t] 1s a bijection for every tg CZ[E ,Sets] .

2.11 A category A 1is locally presentable iff there is a small

category U together with a set. & of morphisms in [HO,Sets]

-4

such that A = CZ[E?,§pts] , cf. [13] 8.5, 8.6 ¢). Moreover if B

1s any locally presentable category and U and % are as above, then

«

C.

L[HO,E] is again locally presentable and

(¢, [U°,E]) < sup® (n(B),n(do),m(re))
(o]~}
where do (resp. ro’) denotes the domain (resp. %odomain).of o€ and

sup*( ) denotes the least regular cardinal > sup (), cf. [rg] 8.7 .

2.12 Let M=(T,u,u) be a triple in a locally presentable category A .
Then by [}3] §1o the category of T-algebras A 1is locally presentable

iff T has rank (2.1). Moreover if T has rank  then

“(_A_T) < sup {ﬂ(é),w(T)}

')The proofs of [1318.10 and 8.11 have a gap: On p.99 it is used that

in AZZ every object has only a set of proper quotients. This may not

be the case unless A has additional properties. The easiest way out

is to assume that A is locally presentable ... .



